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Abstract. A dark Friedman–Robertson–Walker fluid governed by a non-linear inhomogeneous equation of
state is considered that can be viewed as a conveniently simple paradigm for a whole class of models that
exhibit phase transitions from a non-phantom towards a phantom era (superacceleration transition). On
the other hand, such dark fluid models may also describe quintessence-like cosmic acceleration. Thermo-
dynamical considerations for the processes involved, which are of great importance in the characterization
of the global evolution of the corresponding universe, are given too. Connecting the proposed equation of
state with an anisotropic Kasner universe with viscosity, we are led to the plausible conjecture of a dark fluid
origin of the anisotropies in the early universe.

1 Introduction

There is a lot of interest in the study of the nature of dark
energy (for a review, see [1–4]), responsible for the accel-
eration of the cosmic expansion, which was initiated not
far in the past and which is expected to continue to late
times. Among the different possible models that have been
considered in the literature, one that has a good proba-
bility to reflect (or at least to conveniently parameterize)
what may be going on there, is a model in which dark en-
ergy is described by some rather complicated ideal fluid
with an unusual equation of state (EoS). Very general dark
fluid models can be described by means of an inhomoge-
neous EoS [5, 6]. Some particular examples of such kind of
equations have been considered in [7–19], also including in
some cases observational consequences of the correspond-
ing generalized dark fluids [20]. Moreover, a dark energy
fluid obeying a time-dependent EoS [8, 11] may also be
successfully used with the purpose to mimic the classical
string landscape picture [21], which is very interesting as
regards establishing a connection with a different funda-
mental approach. And, even more, it is known as well that
a dark fluid satisfying a time-dependent EoS can rather
naturally lead to a phantom era [22], where the phantom
field is able to mimic some features of the underlying quan-
tum field theory [23].
In this paper we will investigate a specific model for

a dark fluid with a non-linear EoS, which seems to be
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particularly natural and exhibits quite nice properties. In
this sense it can be considered as a conveniently simple
paradigm for that class of models. We start by considering,
in Sect. 2, an inhomogeneous EoS for the universe and find
its solutions in terms of the Hubble constant and the scale
factor, investigating the transitions from the non-phantom
to the phantom era. In particular, we study the transition
towards superacceleration; that is, the case in which the
third derivative of the scale factor is also positive. Ther-
modynamical considerations for the processes involved –
which are of great importance for the characterization
of the global evolution of our universe – are provided in
Sect. 3. In Sect. 4 (which is not directly related to the pre-
vious sections) we provide a connection of a specific class of
the models in this paper with the Kasner metric, as applied
to a viscous cosmic fluid. Finally, the last section is devoted
to a summary and conclusions.

2 Inhomogeneous equation of state
for the universe and its solution

We assume that our universe can be conveniently described
by a field giving rise to an ideal fluid (dark energy) that
obeys a non-linear inhomogeneous EoS depending on time:

p= w(t)ρ+f(ρ)+Λ(t) , (1)

where w(t) and Λ(t) depend on time, t, and where f(ρ)
is an arbitrary function, in the general case. This EoS, for
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the case when Λ(t) = 0, was examined in [5, 6, 8, 11] for
different functions w(t) and Λ(t). Generally speaking, an
effective EoS of this class is typical in modified gravity
(see [24, 25] for a review).
Let us write down the energy conservation law,

ρ̇+3H(ρ+p) = 0 , (2)

and the corresponding FRW equation for a spatially flat
FRW universe,

3

χ2
H2 = ρ . (3)

Using (1) and (3), we get

ρ̇+
√
3χρ1/2[(w(t)+1)ρ+f(ρ)+Λ(t)] = 0 , (4)

where ρ is the energy density, p the pressure, H = ȧ
a

the Hubble parameter, a(t) the scale factor of the three-
dimensional flat Friedman universe, and χ the gravita-
tional constant. It is known that, with quite good precision,
an ideal fluid model with an inhomogeneous EoS can sat-
isfy the very recent observational data [20].
In [8, 9] a model was considered in which both the func-

tions w(t) and Λ(t) were periodic.
We assume here, for simplicity, that the function

Λ(t) = 0 and choose the parameter w(t) to be linearly de-
pendent on time; that is,

w(t) = a1t+ b

(which is a very reasonable choice in view of the latest ob-
servational proposals for a determination of the evolution
of the effective EoS parameter), while for the function f(ρ)
we choose it (as in [17–19]) to be f(ρ) =Aρα, where A and
α are constants. Then (4) acquires the following form:

ρ̇+
√
3χρ3/2(a1t+ b+1)+

√
3χAρ

1
2+α = 0 . (5)

We shall investigate, for further simplicity, the case when
α= 12 . The solution of (5) looks like

ρ(t) =
1

[
Se

√
3
2 Aχt− 1

A

(
a1t+ b+1+

√
3
2
a1χ
A

)]2 , (6)

and the Hubble parameter is

H(t) =
χ

√
3
[
Se

√
3
2 Aχt− 1

A

(
a1t+ b+1+

√
3
2
a1χ
A

)] , (7)

where S is an integration constant. It is quite clear that
for some specific values of the parameters for which the ef-
fective EoS parameter is around−1, the Friedman universe
expands with acceleration.
The time derivative ofH(t) becomes

Ḣ(t) =

a1
A
χ√
3
−S χ

2

2 Ae
√
3
2 χAt

[
Se

√
3
2 Aχt− 1

A

(
a1t+ b+1+

2a1√
3Aχ

)]2 . (8)

This time derivative is equal to zero when t0 =
2√
3χA
ln 2a1√

3SχA2
.

If a1 > 0,A> 0, and t < t0, then Ḣ > 0; that is, the uni-
verse is accelerating, and if t > t0, one gets Ḣ < 0, and cor-
respondingly a decelerating universe. There is here a tran-
sition from a phantom epoch to a non-phantom one. In-
deed, at the moment when the universe passes from the
phantom to the non-phantom era, the Hubble parameter is
equal to

Hm =
A2χ2

2a1
[
1−
(
ln 2a1√

3SχA2
+
√
3χA2(b+1)
2a1

+ 34χ
2
)] . (9)

In the phantom phase, ρ̇ > 0, the energy density grows and
the universe is expanding. In the non-phantom phase we
have ρ̇ < 0; the energy density decreases.
If t→+∞, then H(t) and ρ(t)→ 0, so that the phan-

tom energy decreases. The cosmology singularity does not
appear in this case. A plot of the function H versus time t
is shown in Fig. 1.
The value ofH(t) at t= 0 is given by

H(0) =
χ

√
3
[
S− 1

A

(
b+1+

√
3
2
a1χ
A

)] ,

and the scale factor in this case, with a1 > 0, takes the fol-
lowing form

a(t) = e
∫
H(t)dt =

exp

⎛
⎜⎝
∫

χdt
√
3
[
Se

√
3
2 Aχt− 1

A

(
a1t+ b+1+

√
3
2
a1χ
A

)]

⎞
⎟⎠ .

(10)

Let us assume now, as a second case, that a1 = 0. Then the
EoS acquires the form

p(t) = bρ(t)+Aρ
1
2 . (11)

Fig. 1. The Hubble parameter H as a function of time, for the
case a1 > 0
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The Hubble parameter is

H(t) =
1

e
√
3
2 Aχt− b+1

A

, (12)

and the derivatives of H(t) and ρ(t) correspondingly
become

Ḣ(t) =−

√
3
2 Aχe

√
3
2 Aχt

(
e
√
3
2 Aχt− b+1A

)2 , (13)

ρ̇(t) =−
3
√
3A
χ
e
√
3
2 Aχt

(
e
√
3
2 Aχt− b+1A

)3 . (14)

When t0 =
2√
3χA
ln b+1

A
future cosmological singularities

appear [22]. Note that such singularities can be of very dif-
ferent types [26]. The scale factor is given by the expression

a(t) = e−
A
b+1 t

(
e
√
3
2 Aχt−

b+1

A

) 2√
3χ(b+1)

. (15)

The derivative of the scale factor is

ȧ(t) = e−
A
b+1 t

(
e
√
3
2 Aχt−

b+1

A

) 2√
3χ(b+1)

−1

, (16)

and we see that ȧ(t) = 0, for t= t1 =
2√
3χA
ln b+1A , while the

second derivative of the scale factor is

ä(t) = ȧ2e
A
b+1 t

(
1−

√
3

2
Aχe

√
3
2 Aχt

)
, (17)

and we also have ä(t) = 0, for t2 =
2√
3χA
ln 2√

3χA
.

Provided A> 0 and b >−1, for values of t < t2 it turns
out that the first and the second derivatives of the scale
factor are both positive (i.e., the universe expands with ac-
celeration), while for t > t2 the first derivative is positive
but the second derivative is negative (in this case it is still
expanding but the expansion is decelerated). This is a very
interesting transition.
A more detailed analysis can be carried out that in-

volves the third time derivative of the scale factor. This is

Table 1. Complete description of the evolutionary transitions according to the values of the scale
factor a(t) and its first, second and third derivatives, which characterize two types of accelerating (for
ä(t)> 0) and one of decelerating (for ä(t)< 0) expansions of the universe

(
−∞, 2√

3Aχ
ln b+1

A

) (
2√
3Aχ
ln b+1

A
, 2√
3Aχ
ln 2√

3Aχ

) (
2√
3Aχ
ln 2√

3Aχ
,+∞

)

ȧ(t) > 0 > 0 > 0
ä(t) > 0 > 0 < 0
...
a(t) < 0 > 0 < 0

acceleration superacceleration deceleration

given by the following, rather involved expression:

...
a(t) =Aä(t)

[
−
1

b+1
+

√
3χe

√
3
2 Aχt

e
√
3
2 Aχt− b+1A

(
1

√
3χ(b+1)

−1

)

+
3

4
Aχ2e

√
3
2 Aχt

(√
3

2
Aχe

√
3
2 Aχt−1

)−1]
.

(18)

A positive (respectively negative) third derivative signal-
izes the rate at which (super-) acceleration takes place. In
an expanding universe with an accelerated expansion (as is
the case of our own universe, at present), a positive value
of the third derivative will clearly point towards a superac-
celeration (phantom) phase. In our model, a cumbersome
but rather straightforward calculation leads to the conclu-
sion that this is actually the case. The situation is rather
remarkable: it turns out that for t1 < t < t2 the universe
suffers a (super-) accelerated expansion with a positive ac-
celeration rate (positive third derivative), while for t > t2
its expansion is not only decelerating, but the deceleration
rate diminishes too. For earlier times, t < t1, the universe
expansion is accelerating with a diminishing rate, before
going through the first transition at t = t1. This is sum-
marized in Table 1. Hence, within this so simple model,
the (super-) acceleration regime may well describe the cur-
rently observable universe.
Let us finally consider the case of the non-linear

inhomogeneous EoS Λ(t) = ct+d, where c and d are arbi-
trary constants. The equation of motion is

ρ̇+
√
3χρ1/2

[
(a1t+ b)ρ+Aρ

1
2 + ct+d

]
= 0 , (19)

and the solutions look like

ρ(t) =

(
3A1

χ[BeC(t+D)2erf(t)−1]

)2
. (20)

Hubble’s parameter is given by the expression

H(t) =
A1

BeC(t+D)2erf(t)−1
, (21)
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Fig. 2. The future cosmological singularity that appears at
t= t2, where the energy density and the Hubble parameter sim-
ultaneously tend to infinity

where erf(t) is the probability integral. The derivative of
H(t) is equal to

Ḣ(t) =−
2A1Be

C(t+D)2

[BeC(t+D)2erf(t)−1]2

×

[
C(t+D)erf(t)+

1
√
π
e−C(t+D)

2
]
, (22)

where

A1 =
χ
√
3

C

a1
, B =

√
2π
√
3χC

√
3χ

4

[
a1C

b+1
− (d+A)

]
,

C =

√
3χ

4
c , D =

d+A

c
.

At t = t2, where t2 is the solution of the equation
erf(t) = 1

B
e−C(t+D), a future cosmological singularity oc-

curs. In this case the energy density and the Hubble param-
eter simultaneously approach infinity. This is depicted in
Fig. 2. Hence, such a model actually describes a phantom
era.
This finishes the investigation of the different acceler-

ation regimes that one can get from the postulated non-
linear inhomogeneous EoS of an ideal fluid.

3 Some thermodynamical considerations

We will consider in this section the main thermodynamical
relation:

T dS = dE+ δA . (23)

For the simple system, δA= pdV , and we have

T dS = dE+pdV = (p+ρ)dV +V dρ . (24)

The volume of the system is V = a3(t)
∫ √
γd3x. Let us

write the EoS in the form

p= (a1t+ b)ρ+Aρ
1
2 +Λ(t) , (25)

where Λ(t) = ct+d. Then we have

T dS =
[
(a1t+ b+1)ρ+Aρ

1
2 +Λ(t)

]
dV +V dρ . (26)

As before, we consider the particular EoS with Λ(t) = 0.
Then the entropy multiplied by the temperature is equal to

T dS =−a3(t)
a1
A

(
3
2χ+2

)
[
Se

√
3
2 Aχt− 1

A

(
a1t+ b+1+

√
3
2
a1χ
A

)]3

×

(∫
d3x
√
γ

)
dt . (27)

Assume now that a1 = 0; then p(t) = bρ(t)+Aρ
1
2 (t), and

T dS = 3a2(t)

(∫
d3x
√
γdt

)
e−

A
b+1 t

×

[(
e
√
3
2 Aχt−

b+1

A

) 1√
3χ(b+1)

−1]2

×

√
3A
χ
(e
√
3
2 Aχt)2− (b+1)

(
1+

√
3
χ

)
e
√
3
2 Aχt+ (b+1)

2

A
+A

b+1
A − e

√
3
2 Aχt

.

(28)

If A> 0 and b >−1, then T dS > 0; the temperature and
the entropy have the same sign. (Note that in the phantom
era it often happens that the entropy is negative [7].) Simi-
lar considerations can be extensible to other kind of specific
ideal fluids.

4 The Kasner universe as a model

Given the expression (1) as a fundamental ansatz of our pa-
per, it would seem physically desirable to connect this re-
lation to the EoS as derived from a specific universe model
(in other words, some physical motivation for a specific
EoS might be required). As we shall see, some insight in
this direction can be obtained by drawing into considera-
tion the Kasner universe as an example. Note that this may
seem to be quite disconnected from the previous material,
but the relation will be much clearer at the end. Crucial
in this context is the fact that the Kasner metric – known
in general to possess anisotropy properties – is to be ap-
plied to a cosmic fluid that is viscous. From ordinary fluid
mechanics we know that the shear viscosity η comes into
play whenever there are fluid sheets sliding with respect
to each other. In connection with the Kasner metric, the
occurrence of a shear viscosity thus appears to be most nat-
ural. Moreover we shall, to begin with, assume that there is
also a bulk viscosity, ς, present. Bulk viscosity is a concept
that is compatible with the cosmic fluid being spatially
isotropic. Our exposition follows the lines presented earlier
in [7, 30].
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The Kasner metric is of the form

ds2 =−dt2+ t2p1 dx2+ t2p2 dy2+ t2p3 dz2 , (29)

where the numbers p1, p2 and p3 are constants. Let us de-
fine the two new numbers S andQ by

S =
3∑
i=1

pi , Q=
3∑
i=1

p2i . (30)

In vacuum,

S =Q= 1 . (31)

The (00)-component of Einstein’s equation yields, with
χ2 = 8πG,

S−Q+
3

2
χ2tςS =

1

2
χ2t2(ρ+3p) (32)

(please, do not confuse the thermodynamic pressure p
with the Kasner parameters), and in the spatial directions,
i= 1, 2, 3, we have

pi(1−S−2χ
2tη)+

1

2
χ2t

(
ς+
4η

3

)
S =−

1

2
χ2t2(ρ−p) .

(33)

Here, both viscosity coefficients appear. This kind of for-
malism means physically that we work to first order in the
deviation from thermodynamic equilibrium.
Let us now recall the usual kind of reasoning: one as-

sumes that the viscosity coefficients η and ς are given. Then
the single equation (32), plus the three equations (33),
together with the extra EoS, gives, in all, five equa-
tions. These are enough to determine the five unknowns
(p1, p2, p3, ρ and p). As shown in [30], one can write the
time dependences as follows:

ρ(t) = ρ0t
−2 , p(t) = p0t

−2 ,

ς(t) = ς0t
−1 , η(t) = η0t

−1 , (34)

where ρ0, p0, η0 and ς0 are constants. This means that t= 0
is taken as the initial singular point.
It is, however, possible to argue in a different way. As-

sume that the Kasner parameters (p1, p2 and p3) are given
initially. This means that S and Q are known. We require
now that the shear viscosity η is such that it satisfies the
equation

1−S = 2χ2tη . (35)

We then have three equations at our disposal: (32) as be-
fore, and (33), which now reduce to one single equation:

(
ς+
4η

3

)
S =−t(ρ−p) , (36)

and (35). These are sufficient to determine the three un-
knowns (ρ, p and η). The bulk viscosity ς is not influ-
enced by this procedure, and it is merely an arbitrary input
parameter.

From (35), we eliminate t,

t=
1−S

2χ2η
, (37)

and insert it into (36), to get

p0 = ρ0+

(
ς0+
4η0
3

)(
1−2χ2η0

)
, (38)

where the scaling (34) has been used. This equation can
be looked upon as some form of EoS. It is not imposed
from outside, however, but it is a consequence of Einstein’s
equations, together with the condition (35).
Equation (38) is actually of the same inhomogeneous

form as in the recent work [11]. It corresponds to a maxi-
mally stiff (Zeldovich) fluid in the sense that the velocity
of sound is equal to c. Usually, when the shear viscosity is
small,

2χ2η0 < 1 , (39)

one has p0 > ρ0, so that the dominant energy condition is
broken.
But if 2χ2η0 is large, it is possible to be in the phantom

region, where p0 <−ρ0. Moreover, it seems convenient to
set the bulk viscosity ς equal to zero (this is also motivated
by the fact that in conformal field theories, one must have
ς = 0 in order to satisfy the tracelessness condition on the
energy-momentum tensor). Then the EoS simply becomes

p0 = ρ0+
4η0
3

(
1−2χ2η0

)
. (40)

When the equation is written in terms of time-dependent
quantities,

p(t) = ρ(t)+
4η0
3t2
(
1−2χ2η0

)
, (41)

we see that it has actually the same form as (1), with

w(t) = 1 , f(ρ) = 0 , Λ(t) =
4η0
3t2
(
1−2χ2η0

)
. (42)

The only physical restriction here, as following from the
second law of thermodynamics, is that η0 must be posi-
tive or zero. In this way, we see that the Kasner universe
provides a physical link for our fundamental ansatz (1).
There appears some interesting possibility here, which will
be discussed in more detail elsewhere: that the dark energy
fluid EoS could be related with anisotropies in the early
universe.

5 Summary and conclusions

We can summarize the results obtained above for the
model we have considered by means of Table 1, corres-
ponding to the EoS under study, namely p = bρ+Aρ

1
2 ,

with 0<A< 2√
3χ
and b >−1. We have been able to give
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a complete description of the evolutionary transitions ac-
cording to the values of the scale factor a(t) and its first,
second and third derivatives, which characterize different
types of accelerating (for ä(t) > 0) and decelerating (for
ä(t) < 0) expansions of the universe (only the case with
ȧ(t)> 0 was considered). Accordingly, we could distinguish
three regions where the behavior is different, two of them
corresponding to accelerated expansion, where the rate
of acceleration decreases for primordial times (normal ac-
celeration) and then, after the corresponding transitions,
starts to increase (superaccelerating case), and a third re-
gion (after the singularity), where we still have expansion
but with deceleration with a negative rate. It is intriguing
that such a simple model could give rise to such differ-
ent behaviors. Adding a cosmological constant-like term to
the EoS led us to the conclusion that at some t= t2 a fu-
ture singularity forms, in the sense that the energy density
and the Hubble parameter simultaneously approach infin-
ity at this value. Some thermodynamical considerations
have also been given. The fact is to be remarked that not
so many ingredients go into this simple model; however,
the results are quite promising, surely based on its non-
linearity.
Here a remark is in order. We have considered a pure

dark energy model. However, it is easy to introduce into
our considerations ordinary matter; in that case, one can
assume that dark energy appears suddenly at some point
at the end of the deceleration phase. And under these con-
ditions, before the dark energy epoch, a matter dominated
phase may be easily constructed. It is not difficult to study
such a model analytically, the difference being that the EoS
consists of several components: dark matter, ordinarymat-
ter, and dark energy (of the type we have considered).
It was really challenging to try to derive a phenomeno-

logical model of this sort directly from a fundamental the-
ory. A first approach towards this goal was given in Sect. 4
of this paper, where the class of models here considered
could indeed be connected with the EoS as derived from
a specific model of the universe, namely the well known
anisotropic Kasner universe, with viscosity, that was seen
to provide a physical link for our starting ansatz (1).
Still, it would be interesting to consider the reconstruc-

tion method [27] for this dark fluid and to represent the
reconstructed model in terms of the scalar–tensor theory
potentials [28, 29], a quite well established procedure nowa-
days. We hope to be able to carry out this program in
a subsequent publication.
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